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Abstract 
 
We present a new bi-objective model for vehicle routing problem with partial delivery and time windows considering customer’s 
satisfaction. Objectives are to maximize the customer satisfaction and minimize the travel time. Hard time windows and the 
possibility of multiple visits are considered and the customer needs could be more than the vehicle’s capacity. A mixed-integer 
nonlinear programming model is provided which is linearized to obtain the optimal solutions. A number of random instances are 
generated and solved by the LINGO to assess and validate the effectiveness of the proposed model.  
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 Introduction 1.
 
Vehicle routing problem (VRP) refers to a set of problems where a fleet of vehicles placed in one or more depots are to 
serve a set of customers each having a certain demand. Dantzing and Ramser [1] first introduced VRP in 1959. The goal 
was to determine a set of routes for vehicles having limited capacity so that the total cost is minimized and customer 
demands are satisfied. There are various forms of VRPs, the most famous of which are the capacitated vehicle routing 
problem (CVRP) and vehicle routing problem with time window (VRPTW). The capacity restriction is that the total 
demand of customers assigned to the vehicles should not be greater than the vehicles capacity and the time window 
constraints imply that the service time for customers should be delivered in the time period set by customers [2, 3]. In the 
past decades, various studies have been carried on VRPTW and CVRP [4, 5, 6, 7]. In today’s competitive environment, 
customer satisfaction plays an important role in the success of service and manufacturing companies. One important 
aspect that elevates customers’ satisfaction in both service and manufacturing systems is the quickness in the delivery of 
services or products to customers. Research on minimum latency problems (MLPs) has been conducted to achieve this 
desire from the transportation and logistics viewpoints. MLP is also known as cumulative vehicle routing problem (Chen 
et al. [8], 2012) or Customer Centric Vehicle Routing Problem (Martinez-Salazar et al. [9], 2014), which is a class of 
routing problems with the objective to minimize the waiting time of customers. Customer satisfaction and competitive 
business environment, on the one hand, and increase in the number, scale, and severity of disasters, on the other hand, 
are key elements for MLP to receive considerable attention from researchers. Different variants of the problem have been 
developed from 1986 to 2015 (see [10]). In the classical VRP it is assumed that all customer demands are lower than the 
vehicles’ capacity, and thus vehicles are assigned to nodes in such a way that they can respond to all customer 
demands. However, in practice, due to resource limitations, it is possible that customer demands be greater than a 
vehicle capacity. In this case, the customer demands cannot be met in just one visit. These kinds of problems are called 
split delivery vehicle routing problem and were first introduced by Dror and Trudeau [11, 12]. Fig.1 illustrates an example 
of a simple network with three customers, where the edge labels are distances, the node labels are demands (or delivery 
amounts), and the vehicle capacity is 100.In its optimal solution (Fig. 1a), there are three routes without split deliveries, 
and the total distance traveled is 48. The problem is equivalent to a SDVRP; and its optimal solution (Fig. 1b) shows that 
customer 2 receives two deliveries from two separate routes. In 1994, Dror [13] presented an integer linear programming 
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model for SDVRP. In 1995, Giffen and Fizell [14] presented a mixed integer programming model for SDVRP and 
considered hard time windows. In 2001 and 2005, Archetti et al. [15, 16] introduced K-SDVRP which is a special case of 
SDVRP with the vehicle capacity  א ܼା . In 2006, Archetti et al. [17] presented a worst cast analysis for SDVRP 
showing that in split delivery saving is up to 50%. Archetti et al. [18] in 2008 showed that most reduction is achieved when 
the average customer demand is 50 to 70 percent of the vehicle capacity and variation of demand is low. In recent works, 
the goal was saving cost and because of that at each stage a part of customer demand may be satisfied. Some exact-
solution approaches were developed for determining and improving the bounds of the optimal solution for SDVRP. 
Belenguer et al. [19] in 2000 performed a polyhedral analysis, explored several valid inequalities, and implemented a 
cutting-plane algorithm. Jin et al. [20] in 2007 presented a two-stage exact algorithm, while Jin et al. in 2008 improved the 
bounds generated by Belenguer et al. [19] in 2000 with a column generation algorithm. Recently, Archetti et al. [21] in 
2014 presented two branch-and-cut algorithms providing lower bounds for the optimal solution. In 2015, Silva et al. [22, 
23] presented a multi-start iterative local search based heuristic named splitILS [22, 23]. Here, with regards to resource 
limitations a new version of SDVRP is considered that we call partial delivery vehicle routing problem. In this case, 
customer demand is satisfied in several stages in a discrete way. This model is used in distribution of essential goods 
and emergency events with lack of resources. 
 
 
 
Figure 1. Comparison between VRP and SDVRP 
 
The remainder of our work is organized as follows. The problem is defined in Section 2. A mathematical model is 
presented in Section 3. Computational results are given in Section 4. Finally, conclusions and future research organized 
directions are provided in Section 5. 
 
 Problem Description 2.
 
Here, we present a mixed integer nonlinear programming (MINLP) model for split delivery vehicle routing problem with 
time window (SDVRPTW). The problem is defined on a complete undirected graph G= (A, E), with A= {0, 1, 2, …, N} as 
the set of nodes and E= {(i, j) | i, jא A, i j} as the set of edges, where {1, …, N} denote the set of customers and 0 is 
considered as the depot. The homogeneous vehicles with the same capacity Q are located at the depot. For arc (i, j), we 
have dij and tij respectively representing the distance and the travel time between the two nodes. Each customer i has: 
(1) nonnegative demand di, 
(2) time window [ai, bi], and 
(3) service time si. 
It is assumed that due to the lack of resources, customer demands are not satisfied in just one visit. The aim is to 
find a path to minimize the total travel time and maximize the customer satisfaction. 
 
2.1 Satisfaction function 
 
A satisfaction function gives the amount of each customer’s demand to be met at each period. Demand satisfaction at 
early stages results in a greater customer satisfaction. Another factor that affects satisfaction of the customer is the 
number of periods needed to satisfy the customer demands. There is an inverse relationship between satisfaction and the 
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number of periods of servicing the customer. To evaluate the satisfaction function, customers are prioritized according to 
an order to meet the demands of the targeted customers. The relation below shows the impact of two factors on 
satisfaction function: 
         (1) 
 
2.2 Maximum number of periods of service 
 
According to the vehicle capacity (Q) and the number of vehicles (C), the maximum number of periods of service is 
defined by 
        (2) 
where is the jth customer demand. 
 
 Mathematical Formulation 3.
 
Here, we present the following mathematical model for partial delivery vehicle routing problem 
Sets and parameters: 
Inputs:  
 
set of indices for customers
 set of indices for vehicles
 set of indices for periods 
 
travel total demand of customer j
 
time between nodes i and j
 
earliest time to start the service at customer j
 
latest time to start the service at customer j
 capacity of each vehicle
 service time for customer j
 weight of customer j
 a large positive number.
Variables: 
 an amount demand of customer j to be satisfied for customer j in period l
 arrival time at node j in period l
 accumulated demand serviced along a route after visiting customer i by vehicle k in period l 
 the amount of jth customer satisfaction
 1, if node i uses vehicle k in period l;0, otherwise 
 
1, if in period l vehicle k goes from node i to j;
0, otherwise 
 
3.1 Mathematical model 
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The objective (3) is to maximize the satisfaction and the objective (4) is to minimize the total travel time. Constraints (5) 
and (6) are flow conservation equations enforcing the route continuity. Constraints (7) show that in each period from node 
i to node j one kind of vehicle is used. Constraints (8) ensure that in each period if a vehicle k enters into a node j, the 
same vehicle must leave the node. Constraints (9) and (10) guarantee that the total demand satisfied in each period be 
equal to the customer’s demand. Constraints (9) ensure that only one vehicle is used to go from i to j in each period. 
Constraints (12), (18), (19), (20), (21) are the time window constraints ensuring that the vehicle be active at the particular 
time interval determined by each customer. Constraints (13) guarantee that the vehicle capacities are not exceeded. 
Constraints (14) eliminate the formation of sub-tours not containing the depot. Constraints (15) guarantee that if a 
customer is visited, then part of the demand should be satisfied. Constraints (16) show that the demand satisfied in each 
period must not exceed than the total demand minus the demands satisfied previously. Constraints (17) show that each 
vehicle is used merely for one trip. Constraints (22) give the binary restrictions. 
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3.2 Linearization of the model 
 
The nonlinear constraints (18) and (19) are linearized as follows: 
 
(23) 
(24) 
 (25) 
(26) 
 (27) 
 (28) 
 
 
 Computational Results 4.
 
Several examples were generated and used to examine the performance of the proposed model solved by the LINGO 
using the İ-constraint method. The initial data and the results obtained from solving these samples are presented in 
tables 1 and 2. Figures 2 and 3 respectively show the Pareto points and the designed path. 
 
Table 1. Initial data. 
 
Number of customers Number of vehicles Capacity Demands (in order) Time windows (in order) 
Service time
(in order) Customer weights 
4 2 50 
0
7 
65 
200 
(70-300)
(30-350) 
(300-600) 
(200-600) 
5
3 
8 
4 
0.2273 
0.2705 
0.2077 
0.2945 
 
Table 2. Results (Pareto points). 
 
Objective 1 (satisfaction) Objective   2 (time)
75.9469
75.9437 
75.8567 
75.7924 
75.6742 
329
320 
315 
300 
294 
 
 
 
Figure 2. Pareto points 
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Figure 3-a. Designed path with satisfaction function 
 
 
 
Figure 3-b. Designed path with time function 
 
 Conclusion  5.
 
A bi-objective mixed-integer nonlinear programming model was presented in the context of split delivery vehicle routing 
problem with time window. To be practical, we considered resource limitations and allowed having more than one visit to 
satisfy the customer needs. Our aim was to maximize customer satisfaction and minimize travel time. This kind of a 
problem arises in distribution of essential commodities in conditions of scarcity. After linearization, the validation of the 
mathematical model was examined using the LINGO. For future studies, meta-heuristic approaches for large instances 
and multiple depots can be considered. 
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